INTRODUCTION
When finite element methods are used to solve the stationary Stokes problem there is a compatibüity condition between the subspace V h used to approximate the velocity u and the subspace P h used to approximate the pressure p which must be satisfied to obtain optimal rates of convergence. One usually approximates the pressure by piecewise polynomials of degree k -1, and chooses the subspace V_ h = (V h ) N , N = 2, 3, so that the compatibüity condition is satisfied. Several examples of triangular finite element subspaces in two dimensions and tetrahedral finite element subspaces in three dimensions are given in [7] . The purpose of this note is to extend the quadratic and cubic conforming subspaces given in [7] to subspaces of arbitrary degree. The balance between accuracy and ease of use may very well indicate that the lowest order finite element subspaces which we give, namely those already given in [7] , are the most practical. However, it seems worthwhile to show how to extend these subspaces to subspaces of arbitrary degree so that the construction of appropriate subspaces seems less ad hoc.
When the boundary of the domain is curved the usual procedure is to use isoparametric éléments on boundary triangles or boundary tetrahedra. In Section 5 we show how to extend the idea of isoparametric éléments to the context of the Stokes problem where the variables u and p are approximated by different types of finite element spaces. We also show that the optimal rate of convergence can be preserved when isoparametric éléments are used.
The same compatibility condition between V h and P h which arises when finite element methods are used to solve the stationary Stokes problem also arises when finite element methods are used to solve the stationary NavierStokes équations for incompressible fluid flow, and so considérations regarding the choice of appropriate finite element subspaces are the same for both problems. An analysis of finite element methods for the stationary NavierStokes équations at low Reynolds numbers is given in [9] .
PRELIMINARY ANALYSIS
Let Q be a bounded domain of R N (N -2, 3) with boundary F. The stationary Stokes problem for an incompressible viscous fluid confmed in Q consists of finding functions u = (u ly ..., u N ) and p defined over Q such that
where u is the fluid velocity, p is the pressure, ƒ are the body forces and v > 0 is the viscosity. It is known that the velocity u is uniquely determined by (2.1) while the pressure p is only determined up to an arbitrary constant. Given any integer m ^ 0, let 
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The problem (2.1) may be expressed in weak form as : find functions
To approximate u and p by the finite element method, we construct a triangulation TS A of Q with nondegenerate N-simplices T (Le. triangles if N = 2 or tetrahedra if N = 3) with diameters ^ h. For any T E V h , let = diameter of T, p(T) = diameter of the inscribed sphère of T.
We assume that all Te-E*, (2.4) where a is an absolute constant. We are assuming here that Q is a polyhedral domain. More gênerai domains are considered in Section 5. -u ) y 0>n -h -•j II P -P Ilo,n -
. Suppose that the subspaces V h and P h have the foliowing approximation properties. There is some Pi ^ 2 and a constant C A independent of h such that if » e (H r (Q)fn (HjCn))^, 2 ^ r < p l5 then there is some 5* e F" such that
There is some p 2 
Our analysis is similar to that in [7] . We reduce their hypotheses, one of which is equivalent to (2.7)-(2.8) and the other that there is an element £* which satisfies (2.10) along with 
SUBSPACES WITH OPTIMAL ACCURACY FOR N = 1
We take for F h a set of piecewise poiynomiais of degree k -1 such that P h a L 2 (Q)/R. Since no inter-element continuity is required, it has been common in the mathematical literature [1] , [7] to choose piecewise poiynomiais with discontinuities across element boundaries. Since (2.7) only requires that one be able to find a w h e V h such that div w h = q h holds weakly, i.e. that (2.7) holds, there is no necessity to do this, and the dimension of P h is reduced with no loss in order of convergence if P h e C(Ü). In this section we construct subspaces V h which contain all poiynomiais of degree k or less and which satisfy (2.7) for P h consisting of piecewise poiynomiais of degree k -1. Eléments of V h = V h x V h will be obtained by piecing together poiynomiais defined over triangles T e ^G h to obtain piecewise poiynomiais which are in C(Q).
Suppose the triangle T e T> f t has vertices a t , i -1,2,3. Let \ t (x, y) dénote the barycentric coordinates of a point (x, y) e R 2 with respect to the vertices of T. Equivalent^ suppose the edge e t of T opposite the vertex a f has the équation i( x > y) = 0 normalized so that ^(aj = 1. Let n 7 be the space of poiynomiais spanned by the set of polynomiaïs of degree k along with the poiynomiais
It is interesting to note that n r consists of all those polynomials which are polynomials of degree k along parallels to the edges e ( of T and which are polynomials of degree k -h 1 or less. Thus for k = 2 s -1, n r is a subset of the set t ë 2s -i(T) of polynomials which are of degree 2 s -1 or less along parallels to the edges of 7, introduced in the cubic case and called tricubic polynomials in [2] , and used in another context in [3] and [10] .
We let F* = V h x F h where is the outward normal on 3T. In (ii) and below subscripts on X are to be taken cylically, so so that II t'Un < i ci(\ z \i n + h~2 ii £ n OiQ ) < c 7 2 ii £ iif, r ,
where | J \ is the Jacobian of the mapping from Tto T and the last inequality folio ws from the Nitsche duality argument. [7] that one can satisfy (2.7)-(2.8) with V^ consisting of piecewise polynomials of degree k and P h consisting of piecewise polynomials of degree /c -1 if non-conforming éléments are used for V^. Actually, this doesn't reduce the dimension of V h as much as it might first appear, if at all, since basis functions corresponding to vertices are replaced by basis functions corresponding to points along edges; and there are roughly three times as many edges as vertices, see [3, p, 543] .
The conditions (i)-(v) given in the proof of theorem 3.1 can be used to define an interpolant t»* to £ e /F, 1 ^ r ^ k + 1, with the property that (div v_\ 4>*) = (div ü, $*), all <| >* e P h .
Since v h -v for all polynomials of degree k or less, one can use the usual finite element error techniques to conclude that the approximation property (2.10) holds with r = k + 1. However, since interpolation schemes are also used to provide suitable bases for computation, and since we don't believe that a basis derived from (i)-(v) above is the most practical to use, we give the following alternative interpolation scheme. Since v h = v for v a polynomial of degree fc or less, the bound (3.6) follows from well-known finite element error techniques, see [4] and [5] , for example.
SUBSPACES WTTH OPTIMAL ACCURACY FOR W -3
Again we take for P h a set of piecewise polynomials of degree k -1 such that P h a L 2 (Q)/R. It would seem to be more practical in that the dimension reduced for no loss in the order of convergence if P h a C(Q). For each tetrahedran T e ¥> h with vertices a i9 i = 1,2,3,4, let IT r be the space of polynomials spanned by the set of polynomials of degree k or less along with the polynomials X t X i+ : X i+ 2 4^x3s / 4-m + n = fc -2 , i -1, 2, 3, 4 , plus the polynomials X± X 2 X 3 X 4 x[ x™ x n 3 , l+m + n = fc -2. Here X { (x l9 x 2 , x 3 ) dénotes the barycentric coordinates of a point (x u x 2 , x 3 ) e R 3 with respect to the vertices of T. As in the previous section we assume the subscripts of the k t are augmented cyclically. Equivalently n T consists of all polynomials which are of degree fc along parallels to the edges of T, are of degree fc + 1 on parallels to the faces of T, and are of degree at most fc + 2. Thus for fc = 3, n r is a subset of the set of tetracubic polynomials introduced in [11, p. 149 || v || t+li n, m = 0,1 .
ISOPARAMETRIC ELEMENTS
We assume the région Q has been triangulated with boundary triangles or boundary tetrahedra having a curved edge or curved face. As isoparametric éléments have been used by engineers the curved triangles or tetrahedra are straightened by a change of coordinates which is described by the same class of polynomials that are used as finite éléments in the approximation of the variables involved. Here we shall separate the coordinate transformation from the définition of the finite éléments.
The coordinate change may be described as follows. Let T be a boundary triangle or tetrahedron, and let t be a standard référence triangle or tetrahedron. Let { a, }fl i be a set of distinct points in T and let { â t }fi j be a set of distinct points in T. Let { q v }fl x be a finite dimensional set of functions such that «,(£,) = Sy, 1 < ij < M, and let Q be the space of functions spanned by the q r Let F be the mapping F=l4fl,-(5-1)
Note that F(â) = a r The mapping F has been shown to be 1-1 for sufficiently refined triangulations in [6] . It is usual to take Q to be a space of polynomials, and here we take them to be the set of ail polynomials of degree k or less.
The boundary triangle or tetrahedron T is defined by T = F{f). The edges or surfaces of T which are along the boundary of Q will not coincide with F but will be a polynomial approximation to F. Thus in this procedure the région Q is replaced by a région Q h with piecewise polynomial boundary F h . For boundary conditions u | r = 0, it is easy to show in the same manner as in [6, Section 1] that the inequality (2.9) holds when the boundary is approximated vol 16,110 1, 1982 
